An alternative proof of a theorem of Stieltjes and related results  by Ifantis, E.K. & Siafarikas, P.D.




An alternative proof of a theorem of Stieltjes and related results 
E.K. Ifantis, P.D. Siafarikas* 
Department ofMathematics, University of Patras, 26110 Patras, Greece 
Received 4 November 1994; revised 15 January 1995 
Abstract 
Let P,(x), n ~> 1 be the orthogonal polynomials defined by 
anPn+l(X) -~ an_lPn_l(x) + b.P,(x) = xP,(x), Po(x) = 0, Pl(x) = 1, 
where both sequences a, and b, are bounded and a. > 0. 
Assume that ~,(x) is the unique (up to a constant) distribution function which corresponds to the measure of 
orthogonality of P,(x) and denote by S(~,) the spectrum of ~p(x). Alternative proofs of a theorem due to Stieltjes and of 
a conjecture due to Maki concerning the limit points of S(~) are given. A typical example to the Maki's conjecture 
together with a general result concerning the density of the zeros of the polynomials P,(x) covers as a particular case 
a theorem of Chihara which generalizes the well-known theorem of Blumenthal. 
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1. Introduction 
In [7] Chihara has formulated and proved the following theorem which follows from a result of 
Stieltjes [16], concerning continued fractions. 
Theorem 1.1 (St ie lt jes [16]) .  Let R. be the set of orthogonal polynomials defined by 
a,R,+l(x)  + a , -1R , - l (x )  = xR,(x), n >~ 1, 
(1.1) 
Ro(x) = O, RI (x  ) = 1. 
Then a necessary and sufficient condition for the associated istribution function t~ to have a denumer- 
able spectrum whose only limit point is zero is lim.__, ~ a, = O. 
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In this paper we begin with an alternative proof of the more general case of nonsymmetric 
polynomials 
a, P, + 1 (x) + a,_ x P , -  1 (x) + b, P, (x) = xP, (x), 
(1.2) 
Po(x) = O, P1 (x) = 1. 
It is well known that the proof for this general case follows also from a theorem of Krein [2, pp. 
230-231]. The proof we follow is based on well-known properties of compact operators. The 
well-known Weyl's theorem concerning invariance of the essential spectrum by compact perturba- 
tions is also used to prove a conjecture of Maki  [13], which has been proved by Chihara [8] with 
a different method. This conjecture asserts that in the case lim,_, oo a. = 0 the point 2 is a limit point 
of the spectrum of ~ if and only if it is a limit point of the sequence {b, }. 
Let lim a, = 7, lira b2,- 1 = a, lira bz, = ft. 
We prove that in the union of the two closed intervals 
[ -4k  2 + 47 2 + k + fi, fi], [0~, 4k  2 + 47 2 + k + fl], 
where 2k = 0~ - fl, the distribution function ~b is continuous, and in particular the points a and 
fl are limit points of the spectrum of ~b. For 7 = 0 this is a typical example to the Maki's conjecture. 
This example is also of interest because, together with a general result concerning the density of 
the zeros of the polynomials, it covers as a particular case a theorem of Chihara [2] which 
generalizes the well-known theorem of Blumenthal [6], [10, pp. 122-124]. 
2. Preliminary results 
We consider the tridiagonal operator T, which corresponds to the sequences a,, b. of (1.2) 
Te, = a,e,+ l + a. -  l e,-1 + b,e,, n >>- 1, 
(2.1) 
Tel  = ale2 + bl el. 
In (2.1) e, is an orthonormal basis in an abstract separable Hilbert space H. This operator can be 
separated as 
T= VA + AV*  + B, 
where A, B are the diagonal operators Ae, = a.e,,  Be, = b.e.,  V is the unilateral shift Ve, = e,+ 1 
and V* its adjoint (V*e .  = e, -a,  V*ea = 0). 
If the sequences a, and b, are bounded the diagonal operators A, B are bounded. Consequently, 
T is also a bounded operator. Therefore, there is no problem with respect o the self-adjointness of
T. Thus T is a bounded self-adjoint operator on H. To this self-adjoint operator there corresponds 
a unique spectral family of projection operators Et such that ~( t )= (Ete l ,e l )  is the measure of 
orthogonality of the polynomials P,(t), i.e., 
f~ P,(t)Pm(t)d(Etel ,el)  = 5,,m, 
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where ~ = inf{t: t e a(T)  = spectrum of T}, b = sup{t: t e a(T)}. Moreover, the spectrum of the 
function 0(t) defined by S(O)= {t: O(t + ,5 ) -  O( t -  6 )> 0, for all 6 > 0}, coincides with the 
spectrum o-(T) of the operator T. Among books, where these subjects and their relationships are 
treated we mention [1, 4, 15, 17]. 
The essential spectrum of a self-adjoint operator T (o-e(T)) consists of the continuous pectrum 
of T (at(T)), the eigenvalues of T with infinite multiplicity and the points which are accumulation 
points of eigenvalues. Weyl's theorem, see for instance [14], asserts that if T and To are self-adjoint 
and To is compact hen ae( T ) = ae( T + To). 
3. Alternative proofs 
We shall prove the following theorem. 
Theorem 3.1. Let P,(x) be the set of polynomials defined by (1.2), where a, > 0 and b, real. Then 
a necessary and sufficient condition for the associated istribution function ~ to have a denumerable 
spectrum whose only limit point is b is 
lim a ,=0 and lim b ,=b.  (3.1) 
n---~ 0C n~OO 
Proof. The spectrum of ~9 in this case is the spectrum a(T)  of the self-adjoint operator 
T = AV*  + VA + B. (3.2) 
Without loss of the generality, we take b = 0. Assume that the spectrum of T is denumerable 
consisting of the points E,, n >/1, with lim,-~ oo E, = 0. This means that T has a complete system x,, 
n ~> 1, of eigenelements corresponding to the simple eigenvalues E1 > E2 > " ' "  > E, ?> " ' "  • Since 
E, 7~-~ 0 the operator T is compact [14]. Also since T is compact and since the sequence ,, n/> 1 
converges weakly to zero, the sequence Te, converges trongly to zero [14], i.e., 
lira I1 Te. II = o. (3.3) 
n ' - *  ~0 
But T e  n = a,,e,,+ 1 + an-1 + bne,,, so 
II Te, II 2 = a 2 + a2_a + b 2, (3.4) 
and (3.1) follows from (3.4) and (3.3). 
Conversely, let (3.1) be satisfied with b = 0. Then the diagonal operators A and B are compact, 
consequently, T is compact and self-adjoint. Thus it has a denumerable s t ofeigenvalues E,, n >/ 1, 
with l im,~ E, = 0. Since the eigenvalues of T are simple these eigenvalues are distinct. [] 
Remark 3.1. A compact operator may have finite eigenvalues. In that case the point zero is an 
eigenvalue of infinite multiplicity. This is impossible because the eigenvalues of the operator (3.2) 
for a, > 0 are simple. Thus T has an infinite denumerable set of eigenvalues E, ~ 0 with 
l im,_~ E, = 0.This means that the distribution function which corresponds to the measure of 
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orthogonality of the polynomials P.(x) is discrete with an infinite number of points at which it 
increases. 
Theorem 3.2. Let lim.-~o~ a. = 0. Then 2 is a limit point of the sequence {b.}.~= 1 if and only i f2  is 
a limit point of the spectrum S(~) o f~.  
Proofi Since lim._.o~ a. = 0, the operator To = AV*  + VA, where Ae. = a.e. is compact. There- 
fore, according to Weyl's theorem the limit points of the spectrum of T- - -B + To, where 
Be. = b.e., n ~> 1, coincide with the limit points of the spectrum of B. [] 
4. A typical example 
We consider the case 
lim a. -- 7, lim b2.-1 -- a, lim b2n = ft. 
. ---~ O0 n - - *  O0 . ---~ O0 
We shall prove that the closed set 
[ -~/k  2 q- 47 2 -F k + fl, f l ]w[o~,x /k  2 -F 4~; 2 4- k + fl], a > fl, 
where 
2k = a - f l ,  
belongs to the continuous pectrum of the operator 





To = 7(V + V*)  + (~ -- fl)P, + fl (4.5) 
have the same essential spectrum. 
Assume without loss of the generality that e > fl and consider the spectrum of the operator 
~,(V + V*)  + 2kP1, 2k = ~ - ft. (4.6) 
and 
and, in particular, the points o~ and fi are limit points of the spectrum of T. 
Let P1 and P2 be the projection operators on the subspaces panned by the elements 
{el, e3, es, ... } and {e2, e4, e6, ... }, respectively. Thus 
P ie2 , -1  = ezn-1,  Pie2. = O, P2e2.-1 = O, Pze2,  = ezn, 
P~ +P2=I  and B=BPa +BP2 or B=(B-c t )P~ +(B- f l )P2+aP I  +tiP2, 
or B = K + fl + (~ - fl)P1, where the operator K = (B - a)P1 + (B - fl)P2, is compact. Since 
VA + AV*  = 7(V + V*) + K1, where Ka = V(A - 71) + (A -- f l )V*  is also compact, Weyl's 
theorem implies that the operators 
T = VA + AV*  + B 
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First we prove that the spectrum of the operator (4.6) is purely continuous. Since this operator is 
self-adjoint we have to prove that the point spectrum is empty. Assume that there exists an 
eigenvalue 2, i.e. 
7(Vf+ V' f )  + 2kP l f= 2f, iS  O. (4.7) 
We observe that 
(f~el) ~ 0 (4.8) 
because, otherwise, from (4.7) scalar product multiplication by el implies that 7(f, ez)+ 
k(P l f ,  el)  = 0 or 7 ( re2)+ k(f,  e l )=  0 and ( re2)= 0. Consequently, scalar product multiplica- 
tion by e2 implies that (f, e3) = 0 and so on. Thus, (f, e,) = 0 for every n, which means f= 0, 
contrary to (4.7). Eq. (4.7) can be transformed into a functional equation in the Hardy-Lebesgue 
space H2(A), i.e., the Hilbert space consisting of the analytic functions f ( z )  = Z o~ -1 n=1 (XnZn in the 
open unit disc A = {z: I zl < 1} which satisfy y~°~ [e,[2 < + oe In fact by the representation [11], n=l  
f ( z )  = (fz, f), fe  H, fz = ~ z"- le, ,  (4.9) 
n=l  
the eigenvalue problem (4.7) in H is equivalent to the eigenvalue problem of the equation 
7 [ l ( f ( z ) - f (0 ) )+z f (z ) l+k( f ( z )+f ( - z ) )=2f (z )  (4.10) 
in H2 (A), i.e., equivalent to the problem of finding the values of 2 for which Eq. (4.10) has a solution 
in Hz(A). Since k ~ 0, we find from (4.10) that 
(Z 2 + ~2 "]- (k -- 2)z) f (z )  -- 7f(0) (4.11) 
f ( - z )  = kz 
Iff(z) e Hz(A ) then by symmetry f ( - z )e  Hz(A) and from (4.11) we must have f(0) = (el, f )  = 0, 
contrary to (4.8). 
Regular points of the operator T = 7(V + V*)  + 2kPx are the points 2 such that the equation 
7(V + V* ) f  + (2kP, - 2 ) f= g 
has a unique solution in H for every g ~ H. Consequently, the points 2 for which the equation 
7(V + V*) f+ (2knl - 2 ) f= el (4.12) 
has no solution in H belong to the spectrum. Eq. (4.12) has a solution in H if and only if the 
following functional equation: 
E 1 1 7 z f (z )  +- ( f ( z )  - f (0) )  + k( f ( z )  +f ( - z ) ) -  2z = 1 z 
has a solution in Hz(A). From (4.13) we find that 
f (2 ) (TZ  2 -k- 7 -+- (k - -  2)z )  = 7f(0) + z -- kz f ( - z )  
(4.13) 
(4.14) 
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and 
f ( - z ) (7  z2 + 7 - (k - 2)z) : 7f(0) - z + kzf(z). (4.15) 
Elimination o f f ( -  z) gives 
f (0 ) [TZz  2 + ~22 - -  27kz + 72z] + z(yz 2 + 2z + 7) 
f (z )  = VZz 4 - (22 - 2k2 - 272)z z + 7 2 (4.16) 
For the points 2 for which the inequality 
(22 - 2k2 - 272) 2 - 474 = (22 - 2k2 - 472)(22 - 2k2) < 0 (4.17) 
holds the equation 72z 4 -- (2 2 -- 2k2 - 27Z)z 2 + 71 = 0 has solutions with absolute value equal to 
1 and thereforef(z) does not belong to H2 (A). The points 2 for which inequality (4.17) holds are the 
open intervals 
( -x /k  2 + 472 + k,0) and (2k, k + x/k  2 + 472). 
Thus, the above intervals belong to the spectrum and since the spectrum is a closed set it follows 
that the end points of these intervals belong also to the spectrum. This result together with the 
result that the point spectrum is empty proves that the set [ -x /kZ+472+k,0]w 
[2k, x /k  2 -k- 4~ 2 + k] belongs to the continuous pectrum of the operator (4.6) and therefore the set 
(4.2) belongs to the continuous pectrum of the operator (4.5). 
5. Density of the zeros 
The following result concerns the density of all zeros of all polynomials defined by (1.2). 
Theorem 5.1. I f  T = A V * + VA + B is self-adjoint, then every point in the spectrum of T is a limit 
point of the set of all zeros of all polynomials defined by (1.2). 
Proof. The operator T can be strongly approximated by a sequence of truncated finite-dimen- 
sional operators TN = Pn TPN, where PN is the projection operator on the subspace spanned by 
{el,e2, . . . ,eu} i.e., 
lim 11 T f - -  TNf  I1 = 0 
N---~ o9 
for everyf~ D(T). We prove this as follows. For everyf~ D(T)  we have 
II Tf - -  PNTPNIf 2 = ~ I(Zf, e.)l 2 + a~,l(f, eN+l)[ z = ~ I(Zf, e.)[ e + I (AV*f,  eN)[ 2 
n=N+l  n=N+l  
(5.1) 
The first member on the right-hand side of (5.1) tends to zero as N ~m because II Tfl[ 2= 
Z .~ l l (T f ,  e.)12 < +~ and the second because AV*feH,  V feD(T)  and the sequence e. 
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converges weakly to zero. In fact, D(AV*) ~_ D(T) = D(AV*)c~D(VA)nD(B) i.e., 1lAY*f I[ < + oo, 
VT~ D(T) or AV*f6  H, V f6  D(T). 
Moreover, the eigenvalues of TN are the zeros of the polynomial PN+ l(x), defined by (1.2) (see 
[12] for details). 
Suppose that 2 ~ a(T) and that 2 is not a limit point of the zeros of the polynomials P,+~(x), 
n ~> 1, or equivalently 2 is not a limit point of eigenvalues of the operators T,. Then there exists 
d > 0 and a subsequence of the operators T, which we denote by TN such that 14 - • I ~> d for every 
eigenvalue Q belonging to any of the operators TN, N = 1, 2 , . . . .  
Let TNX k = 2kXk, k = 1, 2,. . . ,  N, (xi, x j) = t~ij. 
Then for everyf~ D(T) we have 
N 




11(2PN - PNTPN)f[I 2 = ~ 12 - 2kl21(f, Xk)l 2, 
k=l  
which implies that 
112PNf -- PNTPNfll >t dllPNfll, 
or  
IIPN(2! -- T)PNfH >1 dlIPNflI, 
fe  D(T), 
feD(T) .  
Since PNTPN converges trongly to T and since limN-.~ [IPNfll = [If I[, the last inequality for 
N --. oo leads to [b (21 - T) f  II ~ d ]l f II,f~ D(T). Since T is self-adjoint this means that 2 is a regular 
point of T, contrary to the assumption. [] 
Remark 5.1. Recently, in [3, Theorem 2.3] and [5, Theorem 1.2] the authors, among others, prove 
essentially Theorem 5.1 with different methods and different purposes in mind. 
From the above theorem we obtain immediately the following corollary. 
Corollary 5.1. The zeros of all the polynomials defined by (1.2) are dense in intervals covering by the 
continuous pectrum of T. 
This corollary is a general result and covers as particular case the following theorem of Chihara 
[8, pp. 122-124], which generalizes the well-known theorem of Blumenthal [4]. 
Theorem 5.2. The zeros of all the polynomials, defined by 
a.Pn+ t (x) + a . -1P . -  l (x) + b.P.(x) = xP.(x), 
Po(x) = O, P, (x) = 1, 
with lim,,-~oo a. = 7, lim.-.oo b2.- 1 = ~, lim._.~ b2. = fl, are dense in the union of the closed intervals 
[ -x /k2  + 4y2 + k + fl, f l ]w[~,x/k2 + @2 + k + fl], 2k = a - fl, a > fl. 
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Proof. From the typical example in Section 4.1 we have that the union [ -x /k  2 + 472 + k + fl, fl] U 
[~,x/k 2 + 472 + k + fl] belongs to the continuous pectrum of the operator (4.5). The operator 
T = A V* + VA + B in that case can be written as follows: 
T=7(V+V*)+B+(A-v I )V*+V(A- f l )=  To+K,  (5.2) 
where To is the operator (4.5) and K is self-adjoint and compact. Weyl's theorem applied to (5.2) 
gives that the operators T and To have the same essential spectrum. Since the continuous spectrum 
is a part of the essential spectrum, Corollary 5.1 proves Theorem 5.2. [] 
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